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Abstract
We construct the all loop effective action for WZW models perturbed by current-
bilinear terms of the type J+ J−, J+ J+ and J− J−, the last two of which explicitly break
Lorentz invariance. For isotropic couplings we prove integrability. For the case in
which only the first two terms are present we identify a non-perturbative symmetry
of the effective action and we compute the exact beta-functions. These become identi-
cally zero outside a bounded region in the parametric space.
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1 Introduction
A plethora of physical systems, especially in condensed matter physics, do not enjoy
covariance under Lorentz transformations. This does not come as a surprise since
the corresponding Lagrangians are effective ones aiming at a description of physics at
low energies. In certain cases a group that contains the Lorentz group is replaced by
some other group, e.g. instead of having the conformal group one has the Schrodinger
group, which generically have less generators. As a result symmetry constraints on
the observables of the theory are less severe.
In all of these cases one faces the usual problem encountered in quantum field
theory (QFT), namely that calculations can only be performed as a series expansion
in some small parameter, thus rendering the description of strongly coupled systems
as intractable. It is the aim of this work to construct a class of two-dimensional field
theories in which the Lorentz symmetry is broken in a controlled way so that it is
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possible to extract information about the exact in the couplings behavior of the theory.
The starting point will be a Lorentz invariant theory, namely the WZW model based
on some semi-simple group G. We will perturb the theory with all possible terms
bilinear in the currents, that is J J¯, J J and J¯ J¯ (in the Euclidean regime). It is apparent
that the last two operators explicitly break Lorentz invariance. By using the gauging
procedure used extensively in similar constructions [1–7], we will be able to find the
all loop effective action of our models. From this, we will subsequently evaluate the
exact in the deformation parameters β-functions of the theory by employing a variant
of the background field method which in the context of λ-deformations was initially
used in [8] and further exploited and extended in [9, 4, 7, 10]. The theory possesses a
line of fixed points in the UV. We expect this situation to change in the case where two
or more WZW models at different levels are used, as it happened with the Lorentz
preserving deformations of [11, 12, 4, 6, 7].
The second key feature of our models is that the deformations preserve integrabil-
ity for all values of the deformations parameters. This is explicitly shown by establish-
ing that the equations of motion imply the existence of a Lax connection. Integrability
of the theory is preserved in the entire flow and therefore these flows are called inte-
grable.
Integrable Lorentz breaking deformations of two-dimensional conformal field the-
ories (CFTs) have been recently studied in [13]. In that case the CFT is deformed by
an irrelevant operator which schematically takes the form JT¯, where J is an Abelian
U(1) current and T¯ is the stress energy tensor. In a similar way to, the also irrelevant,
TT¯ deformation [14,15], the theory is solvable in the sense that its finite size spectrum
can be obtained from that of the original CFT. The holographic dictionary and a string
theory realisation of JT¯ deformations were studied in [16] and [17, 18] respectively,
while the modular properties of the partition were analysed in [19].
Our construction differs from the aforementioned irrelevant deformations in sev-
eral aspects. The main difference is that the deforming operators in our case have
engineering dimension two and are, thus, classically marginal. Furthermore, we can
have complete control on the effective Lagrangian and we expect on the correlation
functions of the theory as exact functions of the deformation parameters. This can be
achieved by using a method similar to that used in similar Lorentz preserving con-
structions [20, 21, 12]. The essence of the method relies on the construction of the
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corresponding all-loop effective actions for the deformed theories which possess cer-
tain non-perturbative symmetries in the space of couplings [22, 23, 4, 6].1 One then
can use low order perturbation theory in conjunction with the aforementioned non-
perturbative symmetries to derive exact expressions for the observables of the the-
ory. In contrast, for the JT¯ deformed theories correlation functions were calculated to
leading order in the deformation parameter in [25] and no method to compute them
exactly is apparently known.
The plan of the present paper is as follows: In section 2, we construct the all loop
effective action and equations of motion of our models. In section 3, we show that the
theory is classically integrable by finding the appropriate Lax connection. In section
4, we consider a consistent truncation of our models that depends on two couplings
and identify the non-perturbative symmetries in the space of couplings. In addition,
we consider in this sector the non-Abelian T-duality and the pseudodual chiral limits.
In section 5, we calculate the exact in the deformation parameters β-functions of our
models which are particularly simple. In the last section we present our conclusions.
2 The Lagrangian and the equations of motion
In this section we construct the effective action for a certain class of a Lorentz non-
invariant actions and the corresponding equations of motion. Consider the WZW
model action Sk(g) at level k for a group element g in a group G. We add to this
the action of a Lorentz-breaking principal chiral model (PCM) constructed using the
group element g˜ in the same group G. Namely, we consider the action
Sk,E(g, g˜) = Sk(g)− 1pi
∫
d2σ
(
g˜−1∂+ g˜ E++ g˜−1∂+ g˜ + g˜−1∂− g˜ E−− g˜−1∂− g˜
+ g˜−1∂+ g˜ E+− g˜−1∂− g˜
)
,
(2.1)
where the Eab++, Eab−− and Eab+− are generic coupling matrices. The first two can be taken
to be symmetric with no loss of generality. As in [1, 2] we gauge the global symmetry
1 For isotropic λ-deformations the simplest such non-perturbative symmetry was found initially
in [24] using path integral arguments.
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acting as g→ Λ−1gΛ and g˜→ Λ−1 g˜. Consider the gauge invariant action
Sk,E(g, g˜, A±) = Sk(g, A±)− 1pi
∫
d2σ
(
g˜−1D+ g˜ E++ g˜−1D+ g˜
+ g˜−1D− g˜ E−− g˜−1D− g˜ + g˜−1D+ g˜ E+− g˜−1D− g˜
)
,
(2.2)
where the standard gauged WZW action is
Sk(g, A±) = Sk(g) +
k
pi
∫
d2σ Tr
(
A−∂+gg−1 − A+g−1∂−g
+ A−gA+g−1 − A−A+
)
.
(2.3)
We have defined the covariant derivatives as D± g˜ = (∂± − A±)g˜. Next, we gauge fix
in (2.2) by setting g˜ = 1. The one arrives at the following action
Sk,λi(g, A±) = Sk(g) +
k
pi
∫
d2σ Tr
(
A−∂+gg−1 − A+g−1∂−g + A−gA+g−1
)
− k
pi
∫
d2σ
(1
2
A+λ1A+ +
1
2
A−λ2A− + A+λ−1A−
)
,
(2.4)
where we have redefined the PCM model coupling matrices as
λ1 = 2
E++
k
, λ2 = 2
E−−
k
, λ−1 = 1+ E+−
k
. (2.5)
The σ-model in obtained by integrating out the gauge fields since they appear in the
action only quadratically. To do that we use their equations of motion which are pre-
sented later in (3.1) in connection with integrability. In this way we find that(
A+
A−
)
= i M−1
(
−J−
J+
)
, (2.6)
where the matrix M is given
M =
(
λ1 λ
−1 − DT
λ−T − D λ2
)
, (2.7)
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with its inverse having entries
M−111 =
(
λ1 − (λ−1 − DT)λ−12 (λ−T − D)
)−1
,
M−112 =
(
1− (λ−T − D)−1λ2(λ−1 − DT)−1λ1
)−1
(λ−T − D)−1 ,
M−121 =
(
1− (λ−1 − DT)−1λ1(λ−T − D)−1λ2
)−1
(λ−1 − DT)−1 ,
M−122 =
(
λ2 − (λ−T − D)λ−11 (λ−1 − DT)
)−1
,
(2.8)
which are themselves matrices. The matrices Dab and the currents Ja± are defined as
Ja+ = −i Tr(ta∂+gg−1), Ja− = −i Tr(tag−1∂−g) , Dab = Tr(tagtbg−1) , (2.9)
where the ta’s are Hermitian matrices. They obey [ta, tb] = i fabctc, for some real alge-
bra structure constants and are normalized to one.
Substituting the expressions for the gauge fields into the action (2.4) gives the follow-
ing σ-model action
Sk,λ(g) = Sk(g)− k2pi
∫
d2σ
(
−J− J+
)
M−1
(
−J−
J+
)
. (2.10)
This action is parity invariant under the interchange
σ+ ↔ σ− , λ1 ↔ λ2 , g→ g−1 . (2.11)
We will see later that (2.10), at least for a truncated version, has a non-perturbative
symmetry as well.
3 Integrability
In this section we will demonstrate that the theory described by (2.10) is integrable for
the case of isotropic couplings.
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Varying (2.4) with respect to A± and B± we find the constraints
D+g g−1 = (λ−T − 1)A+ + λ2A− ,
g−1D−g = −λ1A+ − (λ−1 − 1)A− ,
(3.1)
where the covariant derivatives are defined as D±g = ∂±g− [A±, g]. Solving for the
gauge fields we obtain (2.6) presented above. Varying the action with respect to g
results into
D−(D+gg−1) = F+− ⇐⇒ D+(g−1D−g) = F+− , (3.2)
where the field strenghts are defined as usual
F+− = ∂+A− − ∂−A+ − [A+, A−] . (3.3)
Substituting the constraints (3.1) in (3.2) one obtains
λ1∂+A+ + λ−1∂+A− − ∂−A+ = [A+,λ−1A−] + [A+,λ1A+] ,
λ2∂−A− + λ−T∂−A+ − ∂+A− = −[λ−T A+, A−] + [A−,λ2A−] .
(3.4)
These are written solely in terms of the gauge fields. The group elements are implicitly
present via (2.6).
We restrict to the case in which all coupling matrices are proportional to the identity,
using however the same symbol for the proportionality constant, i.e.
(λi)ab = λiδab , i = 1, 2 , λab = λδab . (3.5)
Note that, in this case the last brackets in (3.4) vanish. One can now make the follow-
ing ansatz for the Lax connection, namely
L+ = c1A+ + c2A− , L− = c3A+ + c4A− . (3.6)
The constants ci, i = 1, 2, 3, 4 may depend on the coupling constants of the theory, as
well as on the spectral parameter z. Note that, the form of the ansatz does not respect
Lorentz invariance in accordance with that of the action. Substituting (3.6) in the Lax
equation
∂+L− − ∂−L+ − [L+,L−] = 0 (3.7)
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and plugging in the resulting equation the expressions for ∂+A+ and ∂−A− that can
be obtained from (3.4) we get the following set of equations by demanding that the
coefficients of ∂+A−, ∂−A+ and [A+, A−] vanish
c3a1 + c4 − c2a2 = 0 , c3b1 − c1 − c2b2 = 0 , −c3a1 − c2b2 + c2c3 − c1c4 = 0 , (3.8)
where
a1 = −λ−1λ−11 , a2 = λ−12 , b1 = λ−11 , b2 = −λ−1λ−12 . (3.9)
Hence, we have three equations for four unknowns. In particular, one may identify
c2 ≡ z with the spectral parameter z and solve the set of three equations in (3.9) for c1,
c3 and c4 to get
c1 =
√
C + (a2b1 − a1b2 − 1)z + a1
2a1
, c3 =
√
C + (a1b2 + a2b1 − 1)z + a1
2a1b1
c4 = −
√
C + (a1b2 − a2b1 − 1)z + a1
2b1
,
C = (a1 + z(a1b2 + a2b1 − 1))2 + 4a1b1b2z(1− a2z) .
(3.10)
These values for the coefficients of the Lax connection quarrantee that the flatness
condition for the Lax pair is satisfied for all values of the spectral parameter z.
4 Truncation to a two-parameter integrable model
In this section we discuss in detail a two-parameter model which arises by taking the
limit λ2 → 0. This is a consistent truncation of the full theory even at the quantum
level as we will see below in the calculations of the β-functions of the model.
4.1 Truncation of the action and the equations of motion
In the limit λ2 → 0 and after redefining the coupling matrix λ1 to a new one as λ˜ as
λ1 = λ
−1λ˜λ−T , (4.1)
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the action (2.10) becomes
Sk,λ(g) = Sk(g) +
k
pi
∫
d2σ
[
J+(λ−1 − DT)−1 J−
+
1
2
J+(1− λDT)−1λ˜(1− DλT)−1 J+
]
.
(4.2)
The first line is the original λ-deformed model action [1], whereas the second one
represents the Lorentz-breaking term. Note that, the parameter λ˜, unlike λ, appears
linearly. The equations of motion for this two-parameter σ-model case can be obtained
by taking the limit λ2 → 0 and using the redefinition (4.1) in (3.4).
It can be readily checked that (4.2) is invariant under the non-perturbative Z2-symmetry
λ→ λ−1 , λ˜→ −λ−1λ˜λ−T , k→ −k , g→ g−1 . (4.3)
This is a direct analog of the corresponding symmetries found in [22] for the origi-
nal single λ-deformed actions and their generalizations. Due to the Lorentz-breaking
term, a boost transformation in the space of the two-dimensional coordinates doesn’t
leave invariant the action, unless it is accompanied by a transformation of the param-
eter λ˜. It is given by
σ± → e±vσ± , λ˜→ e2vλ˜ , (4.4)
where v is a constant. Both of the above symmetries will be reflected in the expressions
of the β-functions as we will see in the next section.
For small values of λ and λ˜ the action (4.2) expands as
Sk,λ(g) = Sk(g) +
k
pi
∫
d2σ
(
J+λJ− +
1
2
J+λ˜J+
)
+O(λ2,λλ˜) . (4.5)
Hence the deformation from the original WZW model is driven by current bilinears.
The Lorentz-breaking term is, for isotropic λ˜, proportional to the energy momentum
tensor of the WZW CFT. Thus, all loop effects in λ and λ˜ are taken into account in (4.2)
which is the corresponding effective action. Small curvatures are guaranteed as long
as k 1.
We discuss next the conditions on the parametric space that are necessary for ab-
sence of singularities and having a metric of Euclidean signature. We do so by restrict-
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ing to the case of diagonal couplings
λab = λδab , λ˜ = λ˜δab . (4.6)
Since the matrix D is orthogonal it has eigenvalues lying on the unit circle. Therefore,
to avoid singularities we should restrict to |λ| < 1. In addition, the Euclidean signa-
ture is guaranteed provided that the parameters λ and λ˜ are such that they lie outside
the parabola, i.e.
λ˜+ 1 > λ2 . (4.7)
Note that the symmetry (4.3) maps the inside to the outside of this parabola.
4.2 The non-Abelian and pseudodual chiral limits
There are two other interesting limits of the action (4.2). In the first limit and similar
to that in [1] one expands the matrix and group elements near the identity as
λab = δab − Eabk + · · · , g = I+ i
vata
k
+ · · · , k→ ∞ , (4.8)
where E is a general dimG square matrix. This leads to
Ja± =
∂±va
k
+ · · · , Dab = δab + fabk + · · · , fab = fabcv
c . (4.9)
In this limit and after the rescaling λ˜→ λ˜/k, the action (4.2) becomes
Snon−Abel(v) =
1
2pi
∫
d2σ
[
∂+v(E + f )−1∂−v
+ ∂+v(E + f )−1λ˜(ET − f )−1∂+v
]
.
(4.10)
We note that in this limit the WZW part of the action vanishes and the Lorentz-
breaking term has a limit on its own. The above action is nothing but the non-Abelian
T-dual with respect to the GL action of the σ-model given by the PCM action with
general coupling matrix Eab plus a Lorentz-breaking term.
In the second limit we take, as in [21], that
λab = −δab + Eabk1/3 + · · · , g = I+ i
vata
k1/3
+ · · · , k→ ∞ , (4.11)
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where again E is a general dimG square matrix. The various quantities expand as in
(4.9) with k replaced by k1/3. Then the action, after the rescaling λ˜→ λ˜/k1/3, becomes
Spseudodual =
1
8pi
∫
d2σ
[
∂+v
(
E +
1
3
f
)
∂−v + ∂+vλ˜∂+v
]
. (4.12)
The matrix E can be taken to be symmetric since any antisymmetric piece leads to a
total derivative. The quadratic part of the WZW action and the Lorentz preserving de-
formation term are combined for the limit (4.11) to exist, whereas as before the Lorentz
violating term has a limit on its own. This action (4.12) is nothing but the pseudodual
model action for PCM found in [21], which generalized the pseudodual model action
of [26] obtained for Eab ∼ δab, plus a Lorentz violating term.
5 Renormalization group flows
In this section we compute the β-function equations for the couplings. For Lorentz-
invariant σ-models one should in principle make use to the general equations involv-
ing the RG for two-dimensional σ-models [27]. However, this is not possible for the
models and hand, so that we will use an alternative method initiated in [8] for the
isotropic case for λ-deformations and since it has been extended and applied in full
generality in [10]. In all cases so far the σ-models were of course Lorentz-invariant, so
that we cannot use existing results.
5.1 The β-functions
We choose a particular configuration of the group elements in order to compute the
running of couplings. In particular, g = eσ
+θ++σ−θ− , where the matrices θ± are con-
stant and commuting. Then we have that J± = −iθ± and that the matrix D = 1.
Additionally, the expressions (2.6) for the gauge fields become2(
A(0)+
A(0)−
)
=
1
∆
(
−λ2λ2 λ(1− λ)
λ(1− λ) −λ2λ1
)(
−θ−
θ+
)
, (5.1)
2 One might wonder to what extend the result obtained in this way is background independent. The
use of specific group elements is justified by the consistency of the end result. In addition, even when
using arbitrary group elements as backgrounds, the end result is indeed background independent [10].
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where superscript denotes the fact that these are classical values for the gauge fields
and we have defined that
∆ = (1− λ)2 − λ2λ1λ2 . (5.2)
Then the Lagrangian density for the action (2.10) reads
L(0) = − k
2pi
1
∆
(
λ2λ1θ+θ+ + λ
2λ2θ−θ− + (1− λ2
(
1+ λ1λ2)
)
θ+θ−
)
. (5.3)
The next step is to consider the fluctuations of the gauge fields around (5.1) and let
A± = A
(0)
± + δA± , (A˜
(0)
± )ab = i fabc(A
(0)
± )c . (5.4)
The classical equations of motion in the case of diagonal couplings become
λλ2∂−A− + ∂−A+ − λ∂+A− + [A+, A−] = 0 ,
λλ1∂+A+ + ∂+A− − λ∂−A+ − [A+, A−] = 0 .
(5.5)
Note that the classical background solution given by (5.1) indeed solves these system.
Then, the linearized fluctuations for the classical equations of motion are
(λλ2∂− − λ∂+ − ˜¯A(0)+ )δA− + (∂− + ˜¯A(0)− )δA+ = 0 ,
(λλ1∂+ − λ∂− − ˜¯A(0)− )δA+ + (∂+ + ˜¯A(0)+ )δA− = 0 .
(5.6)
These can be cast in the form
Dˆ
(
δA−
δA+
)
= 0 , (5.7)
where the operator Dˆ is first order in the worldsheet derivatives. Its form in the Eu-
clidean regime and in momentum space will be presented following the conventions
of [6]. This amounts to replacing (∂+, ∂−) → 12( p¯, p) ≡ (p+, p−). Then we have that
Dˆ = Cˆ + Fˆ, where
Cˆ =
(
λλ2p− − λp+ p−
p+ λλ1p+ − λp−
)
(5.8)
and
Fˆ =
(
−A˜(0)+ A˜(0)−
A˜(0)+ −A˜(0)−
)
. (5.9)
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Integrating out the fluctuations, gives the effective Lagrangian of our models
−Leff = L(0) +
∫ µ d2p
(2pi)2
ln(det Dˆ)−1/2 . (5.10)
This integral is logarithmically divergent with respect to the UV mass scale µ. In order
to isolate this we perform a large momentum expansion of the integrand. We will keep
terms proportional to
1
|p|2 , where |p|
2 = pp¯. Since Cˆ grows with |p| we use the fact
that
ln(det Dˆ) = ln det Cˆ + Tr(C−1Fˆ)− 1
2
Tr(C−1Fˆ)2 + · · · . (5.11)
The only term in the above expansion that contributes is the last one, obtaining
−Leff = L(0) + 116pi2
∫ µ
d2p Tr(C−1Fˆ)2 + · · · . (5.12)
Next we use the fact that the integration measure is d2p = rdrdφ, that p = reiφ, p¯ =
re−iφ and evaluate Tr(C−1Fˆ)2. The dependence on r is of the form 1/r2 which upon
integration gives the necessary factor of ln µ. Then
−Leff = L(0) + cG32pi2 ln µ
2
(
C+−A(0)+ A
(0)
− + C
++A(0)+ A
(0)
+ + C
−−A(0)− A
(0)
−
)
, (5.13)
were we used that Tr(A˜(0)+ A˜
(0)
− ) = cG(A
(0)
+ )
a(A(0)− )a, etc., where cG is the eigenvalue
of the quadratic Casimir in the adjoint representation defined as facd fbcd = cGδab. The
coefficients C±± and C+− are computed to be
C+−(λ,λ1,λ2) = 8
∫ 2pi
0
dφ
1
Z2
(
1− λ+ λλ1eiφ
)(
1− λ+ λλ2e−iφ
)
,
C++(λ,λ1,λ2) = 4
∫ 2pi
0
dφ
e−iφ
Z2
(
1− λ+ λλ1eiφ
)2 ,
C−−(λ,λ1,λ2) = 4
∫ 2pi
0
dφ
eiφ
Z2
(
1− λ+ λλ2e−iφ
)2 ,
(5.14)
where
Z = 1− λ2(1+ λ1λ2) + λ2
(
λ1eiφ + λ2e−iφ
)
. (5.15)
The above integrals are non-trivial due to the non-vanishing coefficients λ1 and λ2
which are responsible for the breaking of Lorentz invariance. Due to (2.11) we have
the identities C++(λ,λ1,λ2)=C−−(λ,λ2,λ1) and C+−(λ,λ1,λ2)=C+−(λ,λ2,λ1).
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5.1.1 Restriction to the two-parameter model
For simplicity we will restrict to the case of the two-parameter model which taken into
account the redefinition (4.1) means that
λ2 = 0 , λ1 = λ˜/λ2 . (5.16)
Then the background gauge fields (5.1) become(
A(0)+
A(0)−
)
=
(
0 λ1−λ
λ
1−λ − λ˜(1−λ)2
)(
−θ−
θ+
)
. (5.17)
Also the classical Lagrangian density corresponding to the action (5.3) simplifies to
L(0) = − k
2pi
(1+ λ
1− λθ+θ− +
λ˜
(1− λ)2 θ+θ+
)
. (5.18)
The integrals (5.19) simplify as (redefinition of the arguments is implied)
C+−(λ, λ˜) = 81− λ
λ
∫ 2pi
0
dφ
λ(1− λ) + λ˜eiφ
(1− λ2 + λ˜eiφ)2 ,
C++(λ, λ˜) =
4
λ2
∫ 2pi
0
dφ e−iφ (λ(1− λ) + λ˜e
iφ)2
(1− λ2 + λ˜eiφ)2 ,
C−−(λ, λ˜) = 4(1− λ)2
∫ 2pi
0
dφ
eiφ
(1− λ2 + λ˜eiφ)2 ,
(5.19)
Moreover, the integrals can be transformed into a contour integral in the complex
plane by letting as usual z = eiφ. They read
C+−(λ, λ˜) = −8i1− λ
λ
∮
C
dz
λ(1− λ) + λ˜z
z(1− λ2 + λ˜z)2 ,
C++(λ, λ˜) = −i 4
λ2
∮
C
dz
(λ(1− λ) + λ˜z)2
z2(1− λ2 + λ˜z)2 ,
C−−(λ, λ˜) = −4i(1− λ)2
∮
C
dz
1
(1− λ2 + λ˜z)2 ,
(5.20)
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where C is the unit circle centered at z = 0 and transversed counter clockwise. Con-
sider the first two integrals. There are poles at z = 0 and at z = z˜, where
z˜ ≡ λ
2 − 1
λ˜
. (5.21)
We note that this is invariant under (4.3) and can be either outside or inside C. Con-
sidering the first case and using the residue corresponding to the pole at z = 0 we
obtain that
|z˜| > 1 : C+−(λ, λ˜) = 16pi
(1+ λ)2
, C++(λ, λ˜) =
16piλ˜
λ(1− λ)(1+ λ)3 . (5.22)
In the second case with z˜ in the interior of C, we obtain C+−= C++= 0. Finally,
C−−(λ, λ˜)= 0 , (5.23)
identically, for either case. Using the above, and assuming that |z˜| > 1, the second
term in (5.13) becomes
cG
32pi2
ln µ2
(
C+−A(0)+ A
(0)
− + C
++A(0)+ A
(0)
+ + C
−−A(0)− A
(0)
−
)
=
cG
2pi
ln µ2
(
1
(1+ λ)2
A(0)+ A
(0)
− +
λ˜
λ(1− λ)(1+ λ)3 A
(0)
+ A
(0)
+
)
= − cG
2pi
ln µ2
(
λ2
(1− λ2)2 θ+θ− +
λ2λ˜
(1− λ2)3 θ+θ+
)
,
(5.24)
where we have used (5.17).
Next we demand that this action is µ-independent, i.e. ∂ln µ2Leff = 0. To leading order
in k this derivative acts only on the coupling constants in L(0) giving
d
d ln µ2
L(0) = − k
pi
βλ
(1− λ)2 θ+θ− −
k
2pi
(
βλ˜
(1− λ)2 +
2λ˜βλ
(1− λ)3
)
θ+θ+ , (5.25)
which has precisely the same structure as (5.24). This observation is closely related
to the fact that truncating the full theory to the one with two couplings is consistent
with the RG equations. Finally, imposing the condition ∂ln µ2Leff = 0, we get that the
β-functions are given by
|z˜| > 1 : βλ = − cG2k
λ2
(1+ λ)2
, βλ˜ =
cG
k
λ3λ˜
(1− λ)(1+ λ)3 . (5.26)
14
We note that this system is indeed invariant under the symmetries (4.3) and (4.4) of
the effective action (4.2). In particular, the latter symmetry dictates the linear in λ˜ form
of βλ˜.
It can be checked that z˜ is a RG flow constant. Hence, βλ suffices and
λ˜ =
λ2 − 1
z˜
. (5.27)
The RG flows are depicted in the Figure 1. The (λ, λ˜)-plane can be divided into regions
I,II,II and IV defined as
region I : corresponding to − 1 < z˜ < 0 ,
region II : corresponding to z˜ < −1 ,
region III : corresponding to z˜ > 1 ,
region IV : corresponding to 0 < z˜ < 1 .
(5.28)
In regions I and IV the β-functions vanish and there is no flow. Since k is a positive
integer, the physical region is that with −1 < λ < 1. For this range of λ, the region IV
is not physical since in there the signature is negative, whereas in the regions I, II and
III the signature is positive. In regions II and III the β-functions are non-vanishing and
are given by (5.26). Note that the transition from the conformal region I into II occurs
precisely when the Lorentz violating second term in (5.18) becomes smaller than the
first term that preserves Lorentz invariance. This has consequences for the stability of
the theory as we will readily see in the next subsection.
We have checked that the more general three parameter case, does not lead to new
fixed points and that it also has regions where the β-functions vanish identically. We
do not present any results since this case does not seem to give conceptually some-
thing new.
Finally, note that for λ = 0, the β-functions vanish, implying that the theory stays
scale invariant, even if we add the Lorentz-breaking term. This is consistent with
the fact that all current correlators do not develop logarithmic terms at any order in
perturbation theory. The latter is a statement can be readily checked.
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II I
II
II II
IIIIII
III
IV IV
IV
Figure 1: RG flows in the (λ, λ˜)-plane (λ-horizontal) with k = cG = 1. The flows
are parabolas and the blue curves, from top down, are those with λ˜ = 1 − λ2 and
λ˜ = λ2 − 1. The arrow point towards the IR and there is no flow in the white areas.
The physical region between the vertical lines at λ = ±1 is mapped to the one outside
by (4.3).
5.2 Vanishing of the β-functions and the potentially unstable region
We will argue that the regions I and IV are physically irrelevant when we consider
fluctuations around the vacuum associated with the unit element g = 1, which ob-
viously solves the equations of motion. These regions are precisely those where the
coupling λ and λ˜ do not run at all.
Expanding round the identity we have g = 1+ i XaTa and recalling that σ± = τ ± σ,
then (2.10) becomes
L(0) = k
8pi
(
(A + B)(∂τX)2 − (A− B)(∂σX)2 − 2B ∂τX · ∂σX
)
,
A =
1+ λ
1− λ , B =
λ˜
(1− λ)2 ,
(5.29)
where for simplicity we have suppressed the target space indices. The Hamiltonian
density reads
H = k
8pi
(
(A + B)(∂τX)2 + (A− B)(∂σX)2
)
. (5.30)
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The equations of motion following from the Lagrangian (5.29) take the form
(A + B)∂2τX
a − (A− B)∂2σXa − 2B ∂τ∂σXa = 0 . (5.31)
This can be easily solved by making a plane wave ansatz of the form Xa = Ca sin (ωτ + nσ),
where n ∈ Z is the winding number and the frequency ω is given by
ω = n or ω =
B− A
A + B
n . (5.32)
Substituting these values in (5.30) and integrating over σ ∈ (0, 2pi), we get for the
string energy that
En =
k
4
An2 , En =
k
4
A(A− B)
A + B
n2 , (5.33)
for the two frequencies, respectively. Hence, the string spectrum is unbounded from
below whenever A and/or the ratio A−BA+B becomes negative (recall that k is positive).
By inspection it is easy to see that this happens when the couplings λ and λ˜ lie in
the regions I and IV or for the regions II and III the parameter |λ| > 1 (see Figure
1). Finally, It would be interesting to clarify if there exists some other vacuum around
which the fluctuations have a positive definite spectrum.
6 Discussion and future directions
In this work, we have constructed certain two-dimensional σ-models in which Lorentz
invariance is broken. We have identified an integrable sector in which we computed
the RG β-function equations for the couplings. The flow is non-trivial precisely in the
region where the Hamiltonian is bounded. We found no new RG fixed points in the
IR which is similar to the case of the prototype Lorentz preserving λ-deformations.
For this to happen, experience shows that two WZW actions at different levels should
be involved similarly to the Lorentz invariant λ-deformed models of [4]. It will be
interesting to perform research in this direction and identify the CFTs at the IR fixed
points.
It would be certainly interesting to calculate the anomalous dimensions of current
and primary operators, as well as three-point correlators involving currents and/or
17
primary operators as exact functions of the deformation parameters. This should be
done along the lines of [20,21,12] for Lorentz preserving λ-models which heavily used
symmetry and analyticity arguments, combined with minimal perturbative informa-
tion.
Finally, it should be interesting to extend the present work by constructing Lorentz-
breaking λ-deformed models based on coset spaces along the lines of [1, 28, 5]. In that
case the Lorentz-breaking terms should be described by parafermions [29, 30].
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